In this paper, we prove the Ulam-Hyers-Rassias stability of the Cauchy-Jensen additive functional equation
Introduction
The stability problem of functional equations originated from the question of Ulam [] concerning the stability of group homomorphisms. Hyers [] gave the first affirmative partial answer to the question of Ulam for Banach spaces. Hyers' theorem was generalized by Th.M. Rassias [] for linear mappings by considering an unbounded Cauchy difference. The stability problems of several functional equations have been extensively investigated by a number of authors, and there are many interesting results concerning this problem (see [-] [] . They established a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [] .
Theorem . (Rassias []) Let f : E → E be a mapping from a normed vector space E into a Banach space E subject to the inequality f (x+y)-f (x)-f (y)
In this paper we consider a mapping f : X → Y satisfying the following Cauchy-Jensen functional equation
for all x, y, z ∈ X and establish the fuzzy * -homomorphisms and fuzzy * -derivations of (.) in induced fuzzy C * -algebras.
Preliminaries
Definition . Let X be a real vector space. A function N : X × R → [, ] is called a fuzzy norm on X if for all x, y ∈ X and all s, t ∈ R, 
is a fuzzy norm on X.
Definition . Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to be convergent or converge if there exists an x ∈ X such that lim t→∞ N(x n -x, t) =  for all t > . In this case, x is called the limit of the sequence {x n } in X and we denote it by N-lim t→∞ x n = x.
Definition . Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is called Cauchy if for each >  and each t >  there exists an n  ∈ N such that for all n ≥ n  and all p > , we have
It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called a fuzzy Banach space. http://www.advancesindifferenceequations.com/content/2012/1/147
We say that a mapping f : X → Y between fuzzy normed vector spaces X and Y is continuous at a point x ∈ X if for each sequence {x n } converging to x  ∈ X the sequence {f (
Definition . Let X be a * -algebra and (X, N) a fuzzy normed space.
() The fuzzy normed space (X, N) is called a fuzzy normed * -algebra if
for all x, y ∈ X and all positive real numbers s and t.
() A complete fuzzy normed * -algebra is called a fuzzy Banach * -algebra.
Then N(x, t) is a fuzzy norm on X and (X, N) is a fuzzy normed * -algebra.
Definition . Let (X, · ) be a normed C * -algebra and N x a fuzzy norm on X.
() The fuzzy normed * -algebra (X, N x ) is called an induced fuzzy normed * -algebra.
() The fuzzy Banach * -algebra (X, N x ) is called an induced fuzzy C * -algebra.
Definition . Let (X, N x ) and (Y , N) be induced fuzzy normed * -algebras. for all x, y, z ∈ X. Let f : X → Y be a mapping satisfying
for all x, y, z ∈ X and t > . Then there exists a fuzzy * -homomorphism
for all x ∈ X and t > .
Proof Letting μ =  and replacing (x, y, z) by (x, x, x) in (.), we have
for all x ∈ X and t > . Replacing x by
Consider the set S := {g : X → Y } and the generalized metric d in S defined by
, ∀x ∈ X, t >  , where inf ∅ = +∞. It is easy to show that (S, d) is complete (see [] ). Now, we consider a linear mapping J : S → S such that Jg(x) := g( (x,x,x) for all x ∈ X and t > . Hence
for all x ∈ X and all t > . This implies
. By Theorem ., there exists a mapping H : X → Y satisfying the following:
() H is a fixed point of J, that is,
for all x ∈ X. The mapping H is a unique fixed point of J in the set = {h ∈ S : d(g, h) < ∞}. This implies that H is a unique mapping satisfying (.) such that there exists μ ∈ (, ∞)
. This implies that the inequality (.) holds. Furthermore, it follows from (.) and (.) that
for all x, y, z ∈ X, all t >  and all μ ∈ C. Hence
for all x, y, z ∈ X. So the mapping H : X → Y is additive and C-linear. By (.),
for all x, y ∈ X and all t > . Then
for all x, y ∈ X and all t > . So N(H(xy) -H(x)H(y), t) =  for all x, y ∈ X and all t > . By (.)
for all x ∈ X and all t > . So
for all x ∈ X and all t > . Since lim n→+∞
= , for all x ∈ X and t > , we get 
